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EQUICONTINUITY OF MAPS ON DENDRITES
JAVIER CAMARGO, MICHAEL RINCO´N, AND CARLOS UZCA´TEGUI
Abstract. Given a dendrite X and a continuous map f : X → X , we show the following
are equivalent: (i) ωf is continuous and Per(f) =
⋂
n∈N f
n(X); (ii) ω(x, f) = Ω(x, f) for each
x ∈ X ; and (iii) f is equicontinuous. Furthermore, we present some examples illustrating
our results.
1. Introduction
There has been a lot of interest in the study of dynamical system defined on dendrites
[6, 9, 10, 11]. A particular interesting issue is to determine when a continuous map f : X → X
is equicontinuous, i.e. when the collection {fn : n ∈ N} of iterates of f is an equicontinuous
family. The paradigmatic examples are given by continuous maps f : [0, 1] → [0, 1]. In this
case, it is known that f is equicontinuous if, and only if,
⋂
n∈N f
n[0, 1] is equal to Fix(f 2), the
collection of fixed points of f 2, and it is also equivalent to require that Fix(f 2) is connected
(see [3]). In order to state other characterizations of equicontinuity, we need to introduce
two crucial concepts:
(1) ω(x, f) is the set of all points y ∈ X such that there exists an increasing sequence
(ni)i∈N in N satisfying limi→∞ f
ni(x) = y.
(2) Ω(x, f) is the set of all points y ∈ X such that there exist a sequence (xi)i∈N which
converges to x and an increasing sequence (ni)i∈N in N satisfying limi→∞ f
ni(xi) = y.
Bruckner and Ceder [3] incorporated into the study of the dynamics of interval maps the
function ωf : [0, 1]→ 2
[0,1] defined by ωf(x) = ω(x, f). They showed that f is equicontinuous
if, and only if, ωf is continuous. These results have been partially extended to dendrites, that
is, locally connected continua without simple closed curves [6, 9, 10, 11]. For instance, Sun et
al. [9, Theorem 2.8] showed that ifX is a dendrite such that it has less that 2ℵ0 end points and
f : X → X is a continuous map, then f is equicontinuous if, and only if, ω(x, fn) = Ω(x, fn)
for all x ∈ X and n ∈ N. Also, in [10, Theorem 2.8], it is shown that if X is a dendrite with
finite branch points and f : X → X is a continuous map, then equicontinuity is equivalent
to ω(x, f) = Ω(x, f) for each x ∈ X . The main result in the present paper is Theorem 4.12,
where we show the following: Let X be a dendrite, f : X → X be a continuous map and
Per(f) be the collection of periodic points. The following are equivalent:
(1) ωf is continuous and Per(f) =
⋂
n∈N f
n(X);
(2) ω(x, f) = Ω(x, f) for each x ∈ X ;
(3) f is equicontinuous.
We present some examples showing the necessity of some conditions as in (1). We also
present an example showing this result is no valid for fans.
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2. Definitions and preliminaries
Let Z be a metric space, then given A ⊆ Z and ǫ > 0, the open ball about A of radius ǫ
is denoted by V(A, ǫ). The interior, clousure, boundary and cardinality of A are denoted by
A◦, A,Bd(A) and |A|, respectively. A map is a continuous function. Given a compact metric
space X , we denote by 2X the set of all nonempty closed subsets of X , topologized by the
Hausdorff metric which is defined as follows: for A,B ∈ 2X , we set
H(A,B) = inf{ǫ > 0 : A ⊆ V(B, ǫ) and B ⊆ V(A, ǫ)}.
A continuum is a nonempty, compact, connected metric space. We say that a continuum
X is a simple closed curve if X is homeomorphic to S1 = {z ∈ C : |z| = 1}. A continuum
X is a dendrite provided that X is locally connected and does not contain a simple closed
curve. It is clear that dendrites are uniquely arcwise connected continua. So, if X is a
dendrite and x, y ∈ X , we denote by [x, y] the unique arc joining x and y; also (x, y) will
denote [x, y] \ {x, y}.
Let X be a continuum. A point p ∈ X is called an end point of X provided that whenever
U is open and p ∈ U , there exists an open set V ⊆ U such that x ∈ V and |Bd(V )| = 1. We
denote by End(X) the collection of end points of X . Furthermore, p is a cut point of X , if
X \ {p} is disconnected.
Let (X, d) be a metric space. A map f : X → X is called equicontinuous provided that
for each ǫ > 0, there exists δ > 0 such that d(fn(x), fn(y)) < ǫ, for each n ∈ N, whenever
d(x, y) < δ with x, y ∈ X .
Given a map f : X → X where X is a compact metric space and x ∈ X , the orbit under
f is the set O(x, f) = {fn(x) : n ∈ N}. We say that x is a periodic point of f provided
fk(x) = x for some k ∈ N. We denote the collection of periodic points of f by Per(f). If
f(x) = x, then we say that x is a fixed point of f ; the set of all fixed point of f is denoted
by Fix(f). Given a compact metric space X , a map f : X → X and x ∈ X . The following
concepts will play an important role.
(1) ω(x, f) is the set of all points y ∈ X such that there exists an increasing sequence
(ni)i∈N in N satisfying limi→∞ f
ni(x) = y.
(2) Ω(x, f) is the set of all points y ∈ X such that there exist a sequence (xi)i∈N which
converges to x, and an increasing sequence (ni)i∈N in N satisfying limi→∞ f
ni(xi) = y.
A point x ∈ X is said to be recurrent provided that x ∈ ω(x, f). The set of all recurrent
points of X will be denoted by R(f).
The following easy result is well known.
Proposition 2.1. Let X be a compact metric space, x ∈ X and f : X → X be a map. If I
is either ω(x, f) or Ω(x, f), then I is a nonempty compact subset of X and f(I) = I.
Proposition 2.1 says that the map ωf : X → 2
X defined by ωf(x) = ω(x, f), for x ∈ X , is
well defined. In [3] was initiated the study of the continuity of ωf for functions defined on
the unit interval.
We recall some results about dendrites that we shall use.
Theorem 2.2. [7, Theorem 10.7] A nondegenerate continuum X is a dendrite if, and only
if, each point of X is either a cut point of X or an end point of X.
Theorem 2.3. [7, Corollary 10.5] Every subcontinuum of a dendrite is a dendrite.
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A continuum X is said to be regular provided that each point p ∈ X has a local base Bp
such that |Bd(B)| <∞, for each B ∈ Bp.
Theorem 2.4. [7, Theorem 10.20] Every dendrite is regular.
The following lemma is probably known but we include a proof for sake of completeness.
Lemma 2.5. Let X be a dendrite and let p ∈ End(X). If A is a compact subset of X such
that p /∈ A, then there exists a subcontinuum W of X such that A ⊆W ⊆ X \ {p}.
Proof. Since X is regular (see Theorem 2.4), there exists an open subset U of X such that
p ∈ U ⊆ X \ A and |Bd(U)| < ∞. Let T be the union of all posible arcs with end points
in Bd(U). Note that T is a continuum such that p /∈ T . Furthermore, each component of
X \ U intersects T , by [7, Theorem 5.6]. Therefore, W = T ∪ (X \ U) is a continuum such
that A ⊆W ⊆ X \ {p}. 
Theorem 2.6. [7, Theorem 10.31] If X is a dendrite and f : X → X is a map, then
Fix(f) 6= ∅.
The following theorem provides a crucial property of ω(x, f) when X is a dendrite and f
a homeomorphism.
Theorem 2.7. [1, Theorem 3.8] Let X be a dendrite and f : X → X be a homeomorphism.
For all x ∈ X, ω(x, f) is either a periodic orbit or a Cantor set.
3. Some results for compact metric spaces
The main result of this paper is about dendrites but some of the auxiliary lemmas needed
are valid in general for compact metric spaces, so we collect them in this section.
If X is a compact metric space and f : X → X is a map, then {fn(X) : n ∈ N} is a
decreasing sequence of compacta; thus
⋂
n∈N f
n(X) is a nonempty compact set. The next
lemma is probably known but we include a simple proof for the convenience of the reader.
Lemma 3.1. Let X be a compact metric space and f : X → X be a map. If J =
⋂
n∈N f
n(X),
then f(J) = J .
Proof. Observe that f(J) ⊆
⋂
n∈N f
n+1(X) = J . Thus, f(J) ⊆ J . Conversely, let y ∈ J be
given. For each n ∈ N \ {1}, let xn ∈ f
n−1(X) be such that f(xn) = y. Since X is compact,
there exists a subsequence (xnk)k∈N of (xn)n∈N such that limk→∞ xnk = x0, for some x0 ∈ X .
We show that x0 ∈ J . If l ∈ N, then it is clear that xnk ∈ f
nk−1(X) ⊆ f l(X), for each
nk − 1 ≥ l. Since f
l(X) is compact, x0 ∈ f
l(X). Thus, x0 ∈ J . Finally, observe that
f(x0) = y because f(xn) = y, for each n ∈ N. Therefore, y ∈ f(J) and we are done. 
Lemma 3.2. Let X be a compact metric space and let f : X → X be a map. If ωf is
continuous and R(f) ⊆ Per(f), then R(f) = Per(f).
Proof. Let x ∈ Per(f) and a sequence (xi)i∈N in Per(f) such that limi→∞ xi = x. Since ωf
is continuous, limi→∞ ω(xi, f) = ω(x, f). Note that xi ∈ ω(xi, f), for each i ∈ N. Therefore,
x ∈ ω(x, f) and x ∈ R(f). 
The previous result can also be stated as follows.
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Lemma 3.3. Let X be a compact metric space and f : X → X be a map. If ωf is continuous
and Per(f) =
⋂
n∈N f
n(X), then R(f) =
⋂
n∈N f
n(X).
Lemma 3.4. Let X be a compact metric space and f : X → X be a map. If ωf is continuous
and Per(f) =
⋂
n∈N f
n(X), then ω(x, f) = Ω(x, f) for each x ∈ X.
Proof. Let x ∈ X be given. Clearly ω(x, f) ⊆ Ω(x, f). To see that Ω(x, f) ⊆ ω(x, f), let
y ∈ Ω(x, f). Then there exist (xk)k∈N and (nk)k∈N in N, such that limk→∞ xk = x and
limk→∞ f
nk(xk) = y. Since ωf is continuous, we have both limk→∞ ω(xk, f) = ω(x, f) and
limk→∞ ω(f
nk(xk), f) = ω(y, f). Notice that ω(xk, f) = ω(f
nk(xk), f) for each k ∈ N. Hence,
ω(x, f) = ω(y, f). Since Ω(x, f) ⊆
⋂
n∈N f
n(X), then y ∈ R(f), by Lemma 3.3. Therefore,
y ∈ ω(y, f) = ω(x, f) and thus ω(x, f) = Ω(x, f). 
The following was shown in [9] for dendrites.
Lemma 3.5. Let (X, d) be a compact metric space and f : X → X equicontinuous. Then
Ω(x, fn) = ω(x, fn) for all x ∈ X and n ∈ N.
Proof. It is not difficult to prove that if f is equicontinuous, then so is fn for each n ∈ N.
Thus, it suffices to show that Ω(x, f) ⊆ ω(x, f). Let y ∈ Ω(x, f) and ε > 0 be given.
Since f is equicontinuous, there is δ > 0 such that if x, y ∈ X and d(x, y) < δ, then
d(fn(x), fn(y)) < ε for all n ∈ N. From definition of Ω(x, f), there are sequences (nk)k∈N
in N and (xk)k∈N in X satisfying limk→∞ xk = x and limk→∞ f
nk(xk) = y. So, there exists
k0 ∈ N such that d(xk, x) < δ for all k ≥ k0. Thus, d(f
nk(xk), f
nk(x)) < ε for all k ≥ k0.
Whence, limk→∞ f
nk(x) = y, that is, y ∈ ω(x, f). 
The proof of the following result is the same as [3, Theorem 1.2] where it was shown for
the interval.
Theorem 3.6. Let X be a compact metric space and f : X → X be a map. If f is equicon-
tinuous, then ωf is continuous.
Proof. Let ǫ > 0. Since f is equicontinuous, there exists δ > 0 such that d(fn(x), fn(y)) <
ǫ/3 for each n ∈ N, whenever d(x, y) < δ. Let x, y ∈ X be such that d(x, y) < δ and
x0 ∈ ω(x, f). There exists (nk)k∈N in N such that d(f
nk(x), x0) <
ǫ
3
, for each k ∈ N. Then
d(fnk(y), x0) ≤ d(f
nk(y), fnk(x)) + d(fnk(x), x0) <
2
3
ǫ.
So, by passing to a convergent subsequence, we see that there is y0 ∈ ω(y, f) such that
d(x0, y0) < ǫ. Hence, ω(x, f) ⊆ V(ω(y, f), ǫ). Similarly, we prove that ω(y, f) ⊆ V(ω(x, f), ǫ).
Thus, H(ω(x, f), ω(y, f)) < ǫ whenever d(x, y) < δ. Therefore, ωf is continuous. 
For dendrites we shall see (Theorem 4.12) that f is equicontinuous if, and only if, ω(x, f) =
Ω(x, f) for each x ∈ X . So, it is natural to ask the following.
Question 3.7. Let X be a compact metric space and f : X → X be a map. Suppose
ω(x, f) = Ω(x, f) for each x ∈ X, is ωf continuous?
We have a partial answers.
Proposition 3.8. Let X be a metric compact space, and let f : X → X be a map. If
ω(x, f) = Ω(x, f) for each x ∈ X, then ωf is usc.
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Proof. Let x0 ∈ X and V be an open subset of X such that ωf(x0) ⊆ V . Suppose that there
exists a sequence (xn)n ⊆ X such that limn→∞ xn = x0 and ωf(xn) ∩ (X \ V ) 6= ∅, for each
n ∈ N. Let zn ∈ ωf(xn) ∩ (X \ V ). Since X is compact, without loss of generality we may
suppose that limn→∞ zn = z0 for some z0 ∈ X \ V . For each n ∈ N, let (k
n
i )i ⊆ N such
that limi→∞ f
kn
i (xn) = zn. Since limn→∞ zn = z0, it is not difficult to show that there exist
(nk)k, (lk)k ⊆ N with (lk)k increasing such that limk→∞ f
lk(xnk) = z0. Since limn→∞ xn = x0,
then z0 ∈ Ω(x0, f) = ω(x0, f), thus z0 ∈ V , a contradiction. Therefore, ωf is usc. 
Proposition 3.9. Let X be a metric compact space, and let f : X → X be a map. If
X = Per(f), then ωf is lsc.
Proof. Let (xn)n ⊆ X be such that limn→∞ xn = x0. Let V be an open subset of X such
that V ∩ ωf(x0) 6= ∅. Let z ∈ V ∩ ωf(x0). Since x0 ∈ Per(f), there is m ∈ N such that
fm(x0) = z. Since limn→∞ f
m(xn) = f
m(x0) = z, then there exists a positive integer k such
that fm(xi) ∈ V , for each i ≥ k. Since xi ∈ Per(f), f
m(xi) ∈ ωf(xi) for each i ∈ N. Thus,
ωf(xi) ∩ V 6= ∅, for each i ≥ k. Therefore, ωf is lsc. 
From the results above we immediately get the following.
Theorem 3.10. Let X be a metric compact space and f : X → X be a map. Suppose
X = Per(f). The following are equivalent:
(i) Ω(x, f) = ω(x, f), for each x ∈ X.
(ii) ωf is continuous.
(iii) ωf is usc.
We will shall see in Theorem 4.14 that for dendrites if every point is periodic, then f is
equicontinuous.
4. Equicontinuity of maps on dendrites
The main result on this section is Theorem 4.12 where we characterize the equicontinuity
of maps defined in a dendrite. We need first to show several auxiliary results. The idea
for the proof of the next proposition was taken from [9, Lemma 2.3], they just proved that
Fix(f) is connected.
Lemma 4.1. Let X be a dendrite and f : X → X be a continuous map. If ω(x, f) = Ω(x, f)
for each x ∈ X, then Fix(fm) is connected for all m ∈ N. Moreover , Per(f) is also
connected.
Proof. Let a, b ∈ Fix(fm), i.e. fm(a) = a and fm(b) = b. We shall prove that [a, b] ⊆
Fix(fm). Let c ∈ [a, b] be given. Since X is a dendrite, we have that either c ∈ [a, fm(c)]
or c ∈ [b, fm(c)]. Assume that c ∈ [a, fm(c)]. Note that [a, fm(c)] ⊆ fm([a, c]). Thus,
there exists x1 ∈ [a, c] such that f
m(x1) = c. Now, [a, c] ⊆ f
m([a, x1]). Then there exists
x2 ∈ [a, x1] such that f
m(x2) = x1. Proceeding inductively we construct a sequence (xn)n∈N
such that fm(xi+1) = xi and [a, xi+1] ⊆ [a, xi], for each i ∈ N. Therefore, (xn)n∈N is a
convergent sequence; say limn→∞ xn = y0 for some y0 ∈ [a, b]. Clearly f
m(y0) = y0. Since
(fm)n(xn) = c for each n ∈ N, we have c ∈ Ω(y0, f
m) ⊆ Ω(y0, f) = ω(y0, f). So, we infer from
the fact fm(y0) = y0 that f
m(c) = c. Therefore, [a, b] ⊆ Fix(fm) and Fix(fm) is connected.
Finally, connectedness of Per(f) follows immediately since Per(f) =
⋃
m∈N Fix(f
m) and
Fix(f) ⊆ Fix(fm) for all m ∈ N. 
5
The idea of the following result was taken from the proof of [10, Lemma 2.7].
Lemma 4.2. Let X be a dendrite and let f : X → X be a continuous map. If Ω(x, f) is
totally disconnected for each x ∈ X, then f is equicontinuous.
Proof. Suppose that f is not equicontinuous, i.e., there exist x ∈ X and sequences (xk)k∈N in
X and (nk)n∈N in N, such that limk→∞ xk = x, limk→∞ f
nk(xk) = a and limk→∞ f
nk(x) = b,
for some a, b ∈ X with a 6= b. Note that a ∈ Ω(x, f) and b ∈ ω(x, f) ⊆ Ω(x, f). We show
that [a, b] ⊆ Ω(x, f). Let c ∈ (a, b) be given. Since X is a dendrite, we have:
(1) there exists k0 ∈ N such that c ∈ [f
nk(xk), f
nk(x)], for each k ≥ k0, and
(2) limn→∞ tn = x, for every sequence (tn)n∈N, where tn ∈ [xn, x] for each n ∈ N.
Observe that [fnk(xk), f
nk(x)] ⊆ fnk([xk, x]) for each k ∈ N. Hence, there exists zk ∈ [xk, x]
such that fnk(zk) = c, for each k ≥ k0. In view of limk→∞ zk = x we deduce that c ∈ Ω(x, f).
Thus, [a, b] ⊆ Ω(x, f). Therefore, Ω(x, f) is not totally disconnected. 
Lemma 4.3. Let X be a dendrite and let f : X → X be an onto map. If Per(f) = X and
Per(f) is connected, then f is a homeomorphism.
Proof. We show first that X \ Per(f) ⊆ End(X). Note that if x ∈ X \ (End(X) ∩ Per(f)),
then X \ {x} is disconnected, by Theorem 2.2. Hence, X \ {x} = U ∪V , where U and V are
nonempty disjoint open subsets of X . Since Per(f) is connected and Per(f) ⊆ X \ {x}, we
have either Per(f) ⊆ U or Per(f) ⊆ V . Furthermore, as Per(f) is dense, then either U = ∅
or V = ∅; a contradiction. Therefore, X \ Per(f) ⊆ End(X).
Now we prove that f is injective. Suppose that there exist x0, y0 ∈ X such that x0 6= y0
and f(x0) = f(y0). Observe that f([x0, y0]) is a subcontinuum of X . By [7, Theorem 6.6]
there are at least two non-cut points in f([x0, y0]). Thus, let w0 ∈ f([x0, y0]) be a non-cut
point such that w0 6= f(x0) and take z0 ∈ (x0, y0) satisfying f(z0) = w0. Let α be an arc such
that α \ {z0} is disconnected and α ⊆ (x0, y0). Note that α∩End(X) = ∅, thus α ⊆ Per(f).
It is not difficult to see that f |Per(f) is injective. Thus, f |α : α→ f(α) is a homeomorphism.
But this contradicts the fact that α \ {z0} is disconnected and f(α) \ {f(z0)} is connected.
Therefore, f is injective and so, f a homeomorphism. 
Question 4.4. Let X be a dendrite and f : X → X be an onto map such that Per(f) is
connected and dense in X. Does it follow that ωf is continuous?
We need the following result which is a consequence of [9, Lemma 2.6].
Lemma 4.5. Let X be a dendrite and let f : X → X be a map. If ω(x, f) = Ω(x, f) for
each x ∈ X, then for all x ∈ X, we have ω(y, f) = ω(x, f) for all y ∈ ω(x, f).
Theorem 4.6. Let X be a dendrite and let f : X → X be an onto map. If Ω(x, f) = ω(x, f)
for each x ∈ X, then Per(f) = X.
Proof. Suppose that X \ Per(f) 6= ∅. Since f(Per(f)) = Per(f), it is easy to see that
(4.1) f(Per(f)) = Per(f).
Claim 4.7. ω(x, f) ∩ Per(f) = ∅, for each x ∈ X \ Per(f).
Suppose the contrary that there exists x ∈ X \Per(f) such that ω(x, f)∩Per(f) 6= ∅, i.e.,
there is y0 ∈ Per(f) and an increasing sequence (nk)k∈N in N such that limk→∞ f
nk(x) = y0.
6
Since f is onto, it is not difficult to construct a sequence (xn)n∈N in X such that f(x1) = x
and f(xi+1) = xi, for each i ∈ N. By compactness of X , there exists a subsequence (xni)i∈N
of (xn)n∈N such that limi→∞ xni = z0, for some z0 ∈ X . Observe that x ∈ Ω(z0, f) in view
of fni(xni) = x for each i ∈ N, and limi→∞ xni = z0. So, we conclude that x ∈ ω(z0, f) =
Ω(z0, f). By applying Lemma 4.5 twice, it follows that
ω(x, f) = ω(z0, f), and ω(y0, f) = ω(z0, f).
Thus, x ∈ ω(y0, f). But ω(y0, f) ⊆ Per(f), by equation (4.1). This contradicts the fact that
x /∈ Per(f). Therefore, ω(x, f) ∩ Per(f) = ∅ for each x ∈ X \ Per(f). We have completed
the proof of Claim 4.7.
Claim 4.8. There exists a component W of X \ Per(f) such that fm(W ) ⊆ W for some
m ∈ N.
Let x ∈ X \ Per(f) and z ∈ ω(x, f) be fixed. Then there is a sequence (nk)k∈N in N
such that limk→∞ f
nk(x) = z. By Claim 4.7, z ∈ X \ Per(f). Let W be the component of
X \ Per(f) such that z ∈ W . Locally connectedness of X implies that W is open. Hence,
there exists k0 ∈ N such that f
nk(x) ∈ W for each k ≥ k0. Let s, t ∈ N be such that s, t ≥ k0
and ns < nt. Notice that f
ns(x) ∈ W and fnt−ns(fns(x)) = fnt(x) ∈ W . So, if m = nt − ns,
then fm(W )∩W 6= ∅. By Claim 4.7 and equation (4.1) we have fm(W )∩Per(f) = ∅. Thus,
fm(W ) ⊆ W as fm(W ) is connected. We have completed the proof of Claim 4.8.
Since W is a component of X \ Per(f), W ∩ Per(f) 6= ∅, by [7, Theorem 5.4]. Note that
W is a dendrite (by Theorem 2.3).
Claim 4.9. There exists p0 ∈ X such that W ∩ Per(f) = {p0}, i.e., W = W ∪ {p0}, where
p0 ∈ End(W ).
Suppose that {x, y} ⊆ W ∩ Per(f), where x 6= y. Since W is connected, W ∪ {x, y} is
connected. Hence, there exists an arc [x, y] ⊆ W ∪ {x, y}, because every connected subset
of a dendrite is arcwise connected (see [7, Proposition 10.9]). Now, observe that Per(f) is a
dendrite by Lemma 4.1 and Theorem 2.3. So, [x, y] ⊆ Per(f). This contradicts the fact that
W ∩ Per(f) = ∅. Then we have completed the proof of Claim 4.9.
Let x ∈ W be given. By Claim 4.8, fkm(x) ∈ W for each k ∈ N. By Claim 4.7,
ω(x, fm) ⊆W . We set
(4.2) H =
⋂
{L ∈ C(X) : ω(x, fm) ⊆ L}.
Since X is dendrite, H is a continuum (see [7, Theorem 10.10]). Furthermore, p0 /∈ H ,
by Lemma 2.5. Thus, H ⊆ W . By Proposition 2.1, fm(ω(x, fm)) = ω(x, fm) and so
H ⊆ fm(H). Then, {fkm(H) : k ∈ N} is an increasing sequence of continua. By Claim 4.7
we have p0 /∈ f
km(H) for each k ∈ N. Henceforward by Claim 4.8, fkm(H) ⊆ W for each
k ∈ N.
Let R =
⋃
k∈N f
km(H). Observe that R ⊆ W ∪ {p0} and f
m(R) = R. We shall show that
p0 /∈ R. If not, there exists a sequence (yn)n∈N in
⋃
k∈N f
km(H) such that limn→∞ yn = p0.
For each n ∈ N, let xn ∈ H be such that f
lnm(xn) = yn for some ln ∈ N. Since H is compact,
there exists a subsequence (xnk)k∈N of (xn)n∈N such that limk→∞ xnk = x0, for some x0 ∈ H .
Thus, p0 ∈ Ω(x0, f
m) ⊆ Ω(x0, f) = ω(x0, f), contradicting Claim 4.7. Therefore, p0 /∈ R.
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Finally, observe that R is a dendrite, by Theorem 2.3. Thus, fm|R : R→ R is a map such
that Fix(fm|R) = ∅, since Fix(f
m|R) ⊆ Per(f) ⊆ X \ R. This contradicts Theorem 2.6.
Therefore, Per(f) = X . 
Next result shows that in the previous theorem the hypothesis that f is onto is not
necessary.
Corollary 4.10. Let X be a dendrite and f : X → X be a map. If Ω(x, f) = ω(x, f) for
each x ∈ X, then Per(f) =
⋂
n∈N f
n(X).
Proof. Let J =
⋂
n∈N f
n(X) and g = f |J : J → J . By Lemma 3.1 g is an onto map. If z ∈ J ,
it is clear that:
• ω(z, f) = ω(z, g);
• ω(z, g) ⊆ Ω(z, g); and
• Ω(z, g) ⊆ Ω(z, f).
Thus, ω(x, g) = Ω(x, g), for each x ∈ J . Since Per(f) ⊆ J , we have Per(g) = Per(f).
Therefore, Per(f) =
⋂
n∈N f
n(X), by Theorem 4.6. 
The following result generalizes Lemma 2.4 of [9].
Lemma 4.11. Let X be a dendrite and f : X → X be a map. If Ω(x, f) = ω(x, f) for each
x ∈ X, then f is equicontinuous.
Proof. Let J =
⋂
n∈N f
n(X). By Corollary 4.10 and Lemma 4.1, Per(f) = J and Per(f) is
connected, thus J is a dendrite by Proposition 2.3. So, f |J : J → J is a homeomorphism by
Lemma 4.3. By Theorem 2.7, ω(y, f) is totally disconnected for each y ∈ J . Let x ∈ X and
y ∈ ω(x, f). Notice that y ∈ J as ω(x, f) ⊆ J . By Lemma 4.5 we have ω(x, f) = ω(y, f)
and then ω(x, f) is totally disconnected. As ω(x, f) = Ω(x, f) for each x ∈ X , then f is
equicontinuous, by Lemma 4.2. 
The following theorem generalizes Theorem 2.8 of [9] and Theorem 2.8 of [10], and it
comprises all results on this section.
Theorem 4.12. Let X be a dendrite and let f : X → X be a map. The following are
equivalent:
(1) ωf is continuous and Per(f) =
⋂
n∈N f
n(X);
(2) ω(x, f) = Ω(x, f) for every x ∈ X;
(3) f is equicontinuous.
Proof. By Lemmas 3.5 and 4.11 we have the equivalence between (2) and (3). Since (2) and
(3) are equivalent, by Theorem 3.6 and Corollary 4.10 we have that (2) implies (1). Finally,
Lemma 3.4 shows that (1) implies (2). 
From Lemma 3.5 and Theorem 4.12 we immediately get the following.
Corollary 4.13. Let X be a dendrite and let f : X → X be a map. If ω(x, f) = Ω(x, f) for
all x ∈ X, then ω(x, fn) = Ω(x, fn) for all x ∈ X and n ∈ N.
We finish this section showing a necessary condition to have equicontinuity in dendrites.
Theorem 4.14. Let X be a dendrite and f : X → X be a map. If Per(f) = X, then f is
equicontinuous.
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Proof. By Theorem 4.12, it suffices to show that ω(x, f) = Ω(x, f) for each x ∈ X . Let
x ∈ X be given and suppose that Ω(x, f) \ ω(x, f) 6= ∅. If y ∈ Ω(x, f) \ ω(x, f), there exist
a sequence (xn)n∈N in X and an increasing sequence (kn)n∈N in N such that limn→∞ xn = x
and limn→∞ f
kn(xn) = y.
Since x ∈ Per(f), then ω(x, f) = O(x, f) = {x, f(x), ..., fm−1(x)} for some positive integer
m. Without loss of generality, we may assume that kn ≡ 1 mod(m), for each n ∈ N. Let
c ∈ (f(x), y). As X is a dendrite, there exists n0 ∈ N such that c ∈ [f(x), f
kn(xn)],
for each n ≥ n0. Note that [f(x), f
kn0 (xn0)] ⊆ f
kn0 ([x, xn0 ]). So, there is z0 ∈ [x, xn0 ]
such that fkn0 (z0) = c. In view of z0 6= x, there exists n1 > n0 such that z0 /∈ [x, xn1 ].
Now, as [f(x), fkn1 (xn1)] ⊆ f
kn1 ([x, xn1 ]) and therefore, there exists z1 ∈ [x, xn1 ] such that
fkn1 (z1) = c. By proceeding inductively we construct an infinite set {zi : i ∈ N} such that
c ∈ O(zi, f) for each i ∈ N. This contradicts the fact that zi ∈ Per(f) for each i ∈ N. Hence
ω(x, f) = Ω(x, f). 
Remark 4.15. Example 5.4 shows an onto and equicontinuous map f : X → X such that
Per(f) 6= X .
5. Some examples
The following example shows that Per(f) =
⋂
n∈N f
n(X) cannot be removed from the
hypothesis of (1) in Theorem 4.12.
Example 5.1. There exist a dendrite X and a homeomorphism f : X → X such that ωf is
continuous and Per(f) 6= X. Furthermore, ω(x, f) 6= Ω(x, f) for some x ∈ X, and f is not
equicontinuous.
Let Z = J ∪ (
⋃
n∈ZAn), where:
• J = [−1, 1]× {0};
• An = {1− 1/(n+ 1)} × [0, 1/(n+ 1)], if n ≥ 0;
• An = {−1 + 1/(1− n)} × [0, 1/(1− n)], if n < 0.
It is easy to see that Z is a dendrite (see Figure 1).
A0
A1
A2
A−1
A−2
J
q(A0)
q(A1)q(A−1)
q(A2)q(A−2)
p
Figure 1: Dendrites Z and X .
Let g : Z → Z be defined such that:
(1) g is a homeomorphism;
(2) g|An : An → An+1 is a homeomorphism, for each n ∈ Z;
(3) g(J) = J .
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Notice that Fix(g) = {(−1, 0), (1, 0)}. Let X = Z/J and define f : X → X such that
q ◦ g = f ◦ q,
where q : Z → X is the quotient map. Let p = q(J) (see Figure 1). It is not difficult
to check that X is a dendrite, f is a homeomorphism and Per(f) = {p}. Furthermore,
ωf(x) = ω(x, f) = {p}, for each x ∈ X . Therefore, ωf is continuous. However, Ω(p, f) = X .
The following result shows that the previous example is typical, more precisely, if f is a
homeomorphism such that ωf is continuous and f is not equicontinuous, then X \ Per(f)
has infinitely many components and ω(x, f) ⊆ Per(f), for each x ∈ X .
Theorem 5.2. Let X be a dendrite and f : X → X a homeomorphism. If ωf is continuous
and X \ Per(f) 6= ∅, then fm(W ) ∩W = ∅, for each component W of X \ Per(f) and each
m ∈ N. Moreover, ω(x, f) ⊆ Per(f), for each x ∈ X.
Proof. Let W be a component of X \ Per(f). Suppose that there exists a positive integer
m such that fm(W ) ∩W 6= ∅. As f is a homeomorphism, we have f(Per(f)) = Per(f) and
f i(W ) is a component of X \ Per(f), for each i ∈ N. Hence, fm(W ) = W .
Let g = fm|W : W → W . Notice that g is a homeomorphism and W is a dendrite, by
Theorem 2.3. So, Fix(g) 6= ∅, by Theorem 2.6. Since W ∩Per(f) = ∅, then Fix(g) ⊆W \W .
Hence, by Theorem 2.2,
(5.1) Fix(g) ⊆ End(W ).
By [1, Lemma 3.5], |Fix(g)| ≥ 2. Let x0 and y0 be different points of Fix(g) ∩ End(W ) and
α the unique arc in W joining x0 and y0. Since g is a homeomorphism and W is a dendrite,
we have g(α) = α. Furthermore, α\{x0, y0}∩Fix(g) = ∅, by equation (5.1). Notice that, for
each x ∈ α \ {x0, y0}, we have either limi→∞ g
i(x) = x0 or limi→∞ g
i(x) = y0. Being α an arc
and as the only fix points of g belonging to α are x0 and y0, then without loss of generality,
we may suppose that limi→∞ g
i(x) = x0, for each x ∈ α \ {x0, y0}, i.e., ω(x, g) = {x0} for
each x ∈ α \ {x0, y0} . Thus, ω(x, f) = ω(x0, f), for each x ∈ α \ {x0, y0}. Since ωf is
continuous, ω(y0, f) = ω(x0, f). We will show that this is not possible.
If m = 1, then f(W ) = W and x0, y0 ∈ Fix(f), that is, ω(y0, f) 6= ω(x0, f). Assume
that m > 1 and f l(W ) ∩ W = ∅, for each l < m. In view of x0 ∈ Per(f), we have
ω(x0, f) = O(x0, f) and thus y0 ∈ O(x0, f). Hence there is l1 ∈ {1, ...., m − 1} such that
y0 = f
l1(x0). Notice that α, f(α), ..., f
m−1(α) are different arcs such that,
if f i(α) ∩ f j(α) 6= ∅ for i 6= j, then |f i(α) ∩ f j(α)| = 1 and f i(α) ∩ f j(α) ⊆ O(x0, f).
Then, α ∩ f l1(α) = {f l1(x0)}. It is not difficult to see that there exist l1, l2, ..., ls such that
f li(α) ∩ f li+1(α) = {f li(x0)} and α ∩ f
ls(α) = {x0}. So, α ∪ f
l1(α) ∪ ... ∪ f ls(α) is a simple
closed curve which is impossible since X is a dendrite. Therefore, fm(W ) ∩W = ∅ for each
m ∈ N.
Finally, suppose that ω(x, f)∩(X\Per(f)) 6= ∅. Let y ∈ ω(x, f)∩(X\Per(f)) be fixed and
consider the component W of X \Per(f) such that y ∈ W . Since W is open and y ∈ ω(x, f),
then there exist two different integers l, s ∈ N such that f l(x), f s(x) ∈ W . Assume that
s− l > 0. Since f s−l(f l(x)) = f s(x), then f s−l(W ) ∩W 6= ∅, contradicting the first part of
the theorem. Therefore, ω(x, f) ⊆ Per(f), for each x ∈ X . 
For our next example we need to recall the definition of the adding machine or odometer
h : {0, 1}N → {0, 1}N. If (ai)i is the constant sequence equal to 1, then h((ai)i) is the constant
sequence equal to 0. Otherwise, let h((ai)i∈N) be equal to (bi)i∈N where bi is defined as follows:
if k = min{n ∈ N : an = 0}, then
bi =


0 if i < k;
1 if i = k;
ai if i > k.
It is well known that h is a homemorphism such that Per(h) = ∅, and ω(x, h) = {0, 1}N for
each x ∈ {0, 1}N, see for instance [2, p.678].
Observe that if w ∈ {0, 1}n and [w] = {x ∈ {0, 1}N : xi = wi, for each i ∈ {1, ..., n}}, then
{0, 1}N =
⋃2n
j=1 h
j([w]), where hj([w]) ∩ hi([w]) = ∅ whenever i, j ∈ {1, ..., 2n} and i 6= j.
Thus, h is equicontinuous.
A continuum X is said to be hereditarily unicoherent provided that A ∩ B is connected
for any pair of subcontinua A and B of X . A dendroid is an arcwise connected, hereditarily
unicoherent continuum. Every dendrite is a dendroid. A fan is a dendroid with only one
ramification point.
Our next example shows that Theorem 4.12 is not true for fans; particularly, it is not valid
for dendroids.
Example 5.3. There exist a fan X and a homeomorphism f : X → X such that f is
equicontinuous, and |Per(f)| = 1.
Let X = ({0, 1}N × [0, 1])/({0, 1}N × {1}) be the Cantor fan. We denote the unique non-
degenerate class {0, 1}N×{1} of X , by v. Let h be the odometer map. We define f : X → X
by:
f(χ) =
{
v if χ = v;
(h((ai)i∈N), t) if χ = ((ai)i∈N, t), t < 1.
Since h is equicontinuous, f is equicontinuous. Also, it is clear that Per(f) = {v}.
The following example shows an equicontinuous map f : X → X , where X is a dendrite,
such that Per(f) 6=
⋂
n∈N f
n(X).
Example 5.4. There exist a dendrite X and a homeomorphism f : X → X such that f is
equicontinuous, and Per(f) 6= X.
Let Z = {0, 1}N × [0, 1] and let g : Z → Z be defined by:
g((ai)i∈N, t) = (h((ai)i∈N), t),
for each ((ai)i∈N, t) ∈ Z, where h is the adding machine.
For each (x, t), (y, s) ∈ Z, we define (x, t) ∼ (y, s) if and only if s = t and:
• if t ∈ [1
2
, 1], then (x, t) ∼ (y, t), for each x, y ∈ {0, 1}N;
• if t ∈ [ 1
n+2
, 1
n+1
) for some n ∈ N, then (x, t) ∼ (y, t), whenever exists w ∈ {0, 1}n such
that {x, y} ⊆ [w].
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It is not difficult to see that ∼ generates an upper semicontinuous decomposition on Z. Thus,
X = Z/ ∼ is a continuum [7, Theorem 3.10]. The dendrite X is described in [7, Example
10.39, Figure 10.39]. Let q : Z → X be the quotient map. Since {0, 1}N =
⋃2n
j=1 h
j([w]),
where hj([w]) ∩ hi([w]) = ∅ whenever i, j ∈ {1, ..., 2n} and i 6= j, the correspondence
f : X → X defined such that
q ◦ g = f ◦ q,
is well defined and it is continuous. Observe that f is equicontinuous and Per(f) = X \
({0, 1}N × {0}).
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